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We propose a sequential noise-boosted M-estimation algorithm for estimating system parameters in environments
characterized by impulsive (heavy-tailed) noise. This algorithm extends the conventional M-estimation framework by
strategically injecting artificial noise into the observations, thereby facilitating the estimation procedure and ensuring con-
vergence to the desired estimator. A fundamental criterion theorem is established to determine the conditions under which
injecting scale-family noise enhances the efficacy of the M-estimator in heavy-tailed background noise. For cases where
noise injection is beneficial, it is rigorously proved that the sequential noise-boosted M-estimation algorithm converges
with probability one. Experimental results demonstrate that the proposed algorithm outperforms traditional M-estimation
methods, both under a given injected noise intensity and when the noise injection is adaptively optimized via Bayesian
optimization. Furthermore, it is observed that the proposed algorithm can asymptotically achieve the performance of the
maximum likelihood estimator (MLE) for system parameter estimation.
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1. Introduction

In statistical physics and signal processing, optimal es-
timators or detectors are derived based on strong assump-
tions, such as the data following a specific probability distri-
bution (e.g., a Gaussian distribution) or the model being ac-
curately specified.!'>) Assuming that the data follow a spe-
cific distribution, the maximum likelihood estimator (MLE)
is an efficient method for parameter estimation,! as it is
asymptotically unbiased and achieves the Cramér—Rao lower
bound (CRLB) for large sample sizes. However, these ideal-
ized assumptions may not always hold in real-world scenarios
due to the presence of outliers, heavy-tailed noise, or model
misspecification, which can significantly degrade the perfor-
mance of traditional estimators.!!®) To address these chal-
lenges, Huber!®! proposed a foundational framework for ro-
bust estimation methods by introducing a class of maximum-
likelihood-type estimators known as M-estimators. The pur-
pose of these M-estimators is to reduce the effects of outliers
or atypical observations while maintaining sufficient estima-
tion accuracy under a variety of conditions. ']

Nevertheless, in many contemporary applications, such as
real-time signal processing,!”! sensor networks, [ and stream-
ing data analysis, [ data are not acquired in large batches at
once but instead arrive sequentially over time. In these dy-
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namic settings, [7-91

existing methods may not be directly ap-
plicable, as they generally assume access to the entire dataset.
This elicits the need for sequential estimation techniques that
update parameter estimates incrementally as new data ar-
rive. While sequential estimation methods such as recur-
sive least squares (RLS),!”) the Kalman filter,'% and stochas-
tic gradient descent!!!! are widely used in the identification
of physical systems, they lack sufficient robustness to out-
liers or distributional shifts in the data stream. Extending
from weighted least squares, a class of robust sequential algo-
rithms has been developed, including a robust recursive iden-
tification algorithm!!?! via M-estimation and schemes!!3! us-
ing Taylor expansion with matrix inversion approximation.
Building on adaptive filtering principles, RLS-based recur-
sive least M-estimation algorithms!'*!3] improve robustness
by replacing the mean square error (MSE) criterion with M-
estimation cost functions. From the perspective of Bayesian
estimation, a sequential M-estimation algorithm has been de-

116l and

veloped by solving a maximum a posteriori problem,
robust Bayesian filtering methods have demonstrated superior
performance under heavy-tailed distributions.!'”! In addition,
genetic algorithms have been incorporated!'®! to enhance ro-
bustness against heavy-tailed noise and outlier contamination.

In these studies,!3-13] there exists a trade-off between robust-
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ness and efficiency. Moreover, a fundamental limitation of

[13-17] {5 their insufficient adaptabil-

these existing approaches
ity in adjusting the parameters of M-estimators in response to
changing data, making it difficult to achieve an optimal bal-
ance between robustness and efficiency in robust sequential
estimation.

A promising approach, known as stochastic
resonance, 1929 offers a potential solution to this trade-off
problem in robust sequential estimation. Stochastic reso-
nance refers to a phenomenon in which noise can enhance
the performance of nonlinear systems under certain con-
ditions rather than degrade it.?!?’ By introducing noise,
estimation efficiency can be effectively improved in signal

[28-33] Tt has been proven that the in-

estimation problems.
jection of additive noise into the threshold array system can
effectively reduce the MSE of both optimal and suboptimal

5.[281 Within the Bayesian framework, a noise-

linear estimator:
boosted estimator obtained by averaging estimates from noisy
observations outperforms the conventional maximum a pos-
teriori estimator.>”) Furthermore, the Bayesian risk can be
significantly reduced by optimally combining injected noise
with weighting coefficients.?! For robust location estima-
tion, it has been shown that injecting noise can improve
efficiency and reduce the bias of robust estimators.3!! In
the iterative expectation-maximization algorithm, it has been
demonstrated®*! that noise injection can effectively reduce the
average convergence time, with its effectiveness depending on
the mode of noise injection. 3!

In this paper, we explore the mechanism of stochastic res-
onance as a noise-boosting principle to enhance the perfor-
mance of the robust sequential M-estimator in dynamic and
uncertain environments. Specifically, we propose a sequen-
tial noise-boosted M-estimation algorithm that extends the tra-
ditional sequential M-estimation framework by incorporating
controlled noise into the score function of M-estimators. A
theoretical criterion, rigorously derived using the first-order
Taylor series expansion, provides a method for evaluating
whether the addition of a small scale-family noise component
can effectively improve the performance of the proposed M-
estimation algorithm. Under conditions where the addition
of noise is beneficial, the convergence of the proposed se-
quential noise-boosted M-estimation algorithm is rigorously
established. Experimental results further validate these theo-
retical findings and demonstrate the superior performance of
the sequential noise-boosted M-estimation algorithm over tra-
ditional M-estimators, both under a fixed intensity of added
noise and with adaptively optimized noise injection. Using
the Bayesian optimization method, the intensity or probability
density of added noise can be adaptively tuned to enhance the
estimation accuracy of the proposed algorithm in various noisy

environments. Moreover, the performance of the proposed se-
quential noise-boosted M-estimation algorithm asymptotically
approaches that of the MLE under certain conditions, demon-
strating its robustness and efficiency in the presence of impul-
sive background noise.

2. Model and algorithm
2.1. M-estimation of observation model

We here consider the scenario in which observations are
measured sequentially, following a linear model described as

X, =h,0+w, n=12,...,N, )

where 8 = [61,6,,---,6,] " is the unknown p-dimensional re-
gression parameter vector, and x, and h, represent the ob-
served value and the corresponding system vector for the n-th
observation, respectively. Here, @, is generally assumed to be
independent and identically distributed (i.i.d.) zero-mean mea-
surement noise with the probability density function (PDF)
Jo(x).

In application
6-38]

fields

image processing,

such as communication

[39-41]

systems, 3 and radar and

42431 abnormal data often arise during the measurement

sonar, !
process, resulting in a heavy-tailed probability distribution of
the observed data. We here focus on symmetric heavy-tailed
distributions. In the presence of such heavy-tailed background
noise, M-estimation, a well-known robust strategy,!'=! is in-
troduced to minimize a loss function p with respect to the

error x, — h,;r 0, which can be defined as

N
Oy = i ~h, 0 2
M argngnrgp(xn 5 0), 2)
or as the solution to the implicit equation

v(x,—h,0)h, =0, 3)

M=

n=1

where p(x) is a non-negative even function and w(x) =
dp(x)/dx is called the score function. The assumption that
p(x) is even in Eq. (2) lies in the fact that it penalizes positive
and negative departures equally, and therefore the score func-
tion y(x) is naturally odd. When p(x) = x? or equivalently
when y(x) = x, the solution in Eq. (3) simplifies to the least

squares estimation algorithm.[3!

2.2. Sequential noise-boosted M-estimation algorithm

In many cases, traditional M-estimation algorithms ex-
hibit limited adaptability to the data distribution,**! often as-
suming a fixed score function that may not adequately cap-
ture the true underlying characteristics of the data. Moreover,
the adjustment of M-estimator parameters is often constrained,
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which prevents the M-estimation algorithm from asymptoti-
cally achieving the CRLB, #3! especially when the data distri-
bution deviates from the Gaussian assumption. ¢!

To overcome this limitation, we here propose a noise-
boosted score function W(x) defined as the expectation of
y(x+ 1) with respect to an artificially added random variable

n,ie.,
V(x) =Eply(x+n)] = y(x)* fr (x). 4)

Here, the operator Ey[-] = [ - fy (x) dx represents the expec-
tation with respect to the PDF f; (x) of the added noise 1. By
introducing a symmetric PDF f;, (x) that is even, the proposed
score function ¥(x) in Eq. (4) can be equivalently expressed
as the convolution of the original odd score function y(x) and
the even PDF f; (x). This guarantees that J(x) preserves the
odd symmetry of the original score function. Crucially, this
odd symmetry allows the noise-boosted score function ¥(x) in
Eq. (4) to decouple the effects of positive and negative noise
perturbations. As a result, ¥(x) provides a tractable frame-
work to analyze how the added noise influences the estimation
accuracy and robustness of the M-estimator.

Based on the noise-boosted score function (x) defined
in Eq. (4), the M-estimate in Eq. (3) can be rewritten as

N N T
v T =y P —ha0) g
n;w(xn h, 0)h,,—n; o hle POy =0,
)
Define the factor

V(x.—h,0)
A= ———L 2 6
X, —h, 0 ©)

and assume that A,, = 1 when x,, — h,Io =0. Then, Eq. (5) can
be expressed in the simplified form

N
Y 2u(xn—h, )Ry =0. (7
n=1

It is noted that the sequential solution to the problem in Eq. (7)
is approximately reduced to solving a weighted nonlinear least
squares estimation problem.!”! By using the matrix inversion
lemma, *’] a new sequential noise-boosted M-estimation [n]

of the regression parameter vector 8 is computed recursively

as
A A A X [n—1]h,
On)=06n—1 s 8
] = Ol =Vt T s — 1R ®
and the covariance matrix 3[n] of 6[n] can be updated as
Xln—1h,h] Sn—1
S = Zp—1) - Pl by Bl =1] )

1+ Ak Xn—1]h,

where the prediction error e, = x, — h,) O[n — 1], and A,
in Eq. (6) is updated as A, = {(x, — h, O[n—1])/(x, —

h,)6[n—1]) using the previous estimate O[n — 1]. Let the
adaptive gain matrix K [n] be defined as
] = A X [n—1]hy

14+ 4k Xn—1]h,’

(10)

then the estimates §[n] and the covariance matrix 3[n] at ob-
servation n can be updated as

O[n] = 0[n— 1]+ K|[nle,, 1)
) = (I—K[n}h;) Zhn—1]. (12)

To ensure numerical stability, the initial values are set to
(0] = 0 and 32[0] = kI where k is sufficiently larger than zero,
for example k = 10.[48]

2.3. Discriminant and convergence analysis of sequential
noise-boosted M-estimation

After incorporating added noise into the score function, a
fundamental question arises: whether noise benefits parameter
estimation and how this effect can be efficiently determined.
Here, we establish a criterion theorem for the proposed se-
quential noise-boosted M-estimation algorithm. This theorem
provides a discriminant to determine the beneficial impact of
noise on enhancing the performance of M-estimation under
the condition of sufficiently small noise intensity.

Theorem 1 Assume that the added noise N belongs to a
scale-family distribution, i.e., fy (x;0n) = fy,(x/0y)/0oy and
Eu[W(x/0e)] = 0. Here, E(-) denotes the expectation with
respect to the PDF f,(x) of the background noise, and fy,(-)
denotes the PDF of the random variable 19 = 17/ oy, which has
zero mean and unit scale. Then, for a sufficiently small noise
intensity oy, the condition for improvement by added noise

Eoly(0)y"(0)|Eo [V (0)] — Eo[¥" (0)Eo|y*(@)] <0,
(13)

indicates that when the condition of Eq. (13) is satisfied, the
covariance of the estimation error in Eq. (A1) decreases as the

added noise begins to increase above zero. Here, W/, w”, and
111

y'" represent the first, second, and third derivatives of y, re-
spectively.
Proof See Appendix A.

For example, consider a heavy-tailed Cauchy background
noise with PDF[34!
1

G [1 + (;‘wﬂ ’

where Oy is the noise intensity. Furthermore, consider the

Jolx) = (14)

monotone Huber score function,[®! defined as

v = {7 sgn(x),

x| <,

15)
x| > 7,
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and the redescending bisquare function!!-3)

272
w(x) _ X l:l - (?) :l ) ‘X‘ < Y, (16)
0, >,

where 7 is an adjustable threshold parameter. For various noise
intensities 6, of the Cauchy noise in Eq. (14), Figs. 1(a) and
1(b) illustrate the regions of the discriminant function @ () in
Eq. (13) versus the threshold parameter y of the Huber func-
tion in Eq. (15) and the bisquare function in Eq. (16), respec-
tively. Based on Theorem 1 and the discriminant inequality of

w9

Eq. (13), the negative region marked by of the discrim-
inant function ®(w) clearly manifests the benefit of added
noise across substantial ranges of the parameter pair (Y, 0p),

as illustrated in Figs. 1(a) and 1(b).

(a) 5

(S

« %

Fig. 1. Regions of negative (“~”, blue) and positive (“+”, white) values
of ¢(w) in Eq. (13), where the added noise is beneficial in the former.
These regions are plotted as functions of the noise intensity o of the
Cauchy distribution in Eq. (14) and the threshold parameter 7y of (a) the
Huber function in Eq. (15) and (b) the bisquare function in Eq. (16).

The condition of Eq. (13) in Theorem 1 is derived in
the limit of small added scale-family noise and determines
whether, as the noise intensity increases from zero, the co-
variance of the estimation error in Eq. (Al) begins to de-
crease. Now we leave the small-noise limit and consider
the evolution of the influence factor v in Eq. (A2) with re-
spect to the added noise intensity Oy, in order to display
the non-monotonic behavior with a minimum at a non-zero
optimal noise intensity. For the added Gaussian noise with
PDF fy(x) = fy (x/0y)/ 0y and f,(x) = exp(—2/2)/V/27,
the value of the factor v attains its minimum at the optimal
oy = 2.82, which validates the beneficial effects of the added
noise and the potential existence of an optimal noise intensity
for the sequential M-estimation algorithm. Here, the threshold
parameter of the Huber score function in Eq. (15) is Y= 8, and
the background Cauchy noise intensity is G, = 1.

Although the addition of noise has been shown to en-
hance M-estimation performance in certain regimes, it is es-
sential to demonstrate that the sequential noise-boosted M-
estimation algorithm maintains asymptotic unbiasedness and
convergence properties. Theorem 2 proves the convergence
of the sequential noise-boosted M-estimation algorithm under
certain conditions.

Theorem 2 Given that {(x) is an odd function and Rie-
mann integrable over any finite interval, the Fisher-consistent

constraint condition E[{(x/0g)] = 0 holds.!® For the linear
observation model in Eq. (1), the sequential noise-boosted M-
estimate Q[n] given by Egs. (10)—(12) converges to its true
value 0 with probability one, i.e.,

Hgmﬂze, 17)
for a sufficiently large observation number n.
Proof See Appendix B.
To evaluate the performance of the proposed sequen-
tial noise-boosted M-estimation algorithm given in Eqs. (10)—
(12), we employ the MSE of the M-estimator at time n, defined

as
MSE[n] = Eq [||6[] - 6]13] - (18)

It is known that the MSE of M-estimation is generally a non-
convex functional of the noise intensity or the probability den-
sity of the added noise,?* and therefore it is difficult to adap-
tively optimize the added noise to minimize the MSE. To ad-
dress this issue, we employ Bayesian optimization,>° which
uses a probabilistic surrogate model, e.g., a Gaussian process
with a prior distribution, to approximate the objective func-
tion MSE([#] in Eq. (18). By iteratively updating the surrogate
model via Bayesian posterior inference that combines prior as-
sumptions and observed data, the acquisition function deter-
mines the posterior mean value as the next evaluation point.
Here, for an a priori parametric class of scale-family
noise distributions, the intensity oy of the added noise and the
threshold parameter 7y of the score function are combined to
form the parameter vector ¢ = [oy, 7]" to be optimized. Then,
a Gaussian process surrogate model®!! can be employed to
model the objective function /({) = MSE((), assuming a mul-
tivariate Gaussian prior over its function values. For such
situations, we utilize the tree-structured Parzen estimator ap-
proach to optimize the parameter vector ¢ = [O'n,y]T by the

acquisition function of the expected improvement

a(C) = Ey¢)p [max (0,1(¢) — I")], 19)

where [* is the current best value, and the expectation Ej¢)p
is computed over the posterior distribution of /(¢) conditioned
on the observed data D. The next sample point ¢ is then
selected to maximize the acquisition function. The sequen-
tial noise-boosted M-estimation algorithm for optimizing the
noise intensity o, by Bayesian optimization is shown in Al-

gorithm 1 in detail.

030204-4
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Algorithm 1 Sequential noise-boosted M-estimation algo-
rithm.

Input:

6™ [0]: Initial estimate (size p x 1);

X (m)[0]: Initial covariance matrix (size p x p);

Z: Search space for the parameter vector { = [0y, 7
S: Maximum number of trials;
Dy = {(C1,h),(C2,02),++,(Csyls)}, Iy = MSE(()
(s=1,2,...,5);
T: Total number of Monte Carlo runs;
N: Number of samples.
Output: ¢°P', MSE(; o).

1: for iterations =1 — S do

2: for Monte Carlo trialt =1 — T do

3: for samplen =1 — N do

4: e,(,t) = (t) — h;é(t) [n—1]

5 u?(eff)> = y(el)* (e

6: A =gl /el

7: KO[n] ’Lf:)) =0 [n—1]h,

14+, h] O [n—1]h,

8: @WdeﬁWM—H+K@M£>

o: MH—Q—K@M@)EWM—H
10: 6" = W[N]

1 (W) =MSE(CW) = ¥[8 -6/

122 ¢6HD = argmax a(¢)

13: ¢OP' «— argminMSE(¢®))

3. Experimental results

For the linear vector model of Eq. (1), we consider a
[61,65]" =
for the sequential M-estimation problem. The system

two-dimensional regression parameter vector 8 =
[1,3]7
vector h, is generated as Gaussian random variables without
loss of generality. In the following experiments, the perfor-
mance of the proposed sequential noise-boosted M-estimation
algorithm is measured by MSE([n], and each point of MSE[n]

is obtained by averaging over 500 independent trials.

3.1. Comparison results of the sequential noise-boosted M-
estimation and traditional sequential M-estimation
In order to investigate the noise effects on the perfor-
mance of the proposed sequential noise-boosted M-estimation
algorithm, we here consider two forms of the added noise n:
one with Gaussian PDF, and the other with its PDF represented
as a linear combination of Delta kernel functions

opt Z Vk

where v, > 0, ZkK:] vy = 1, and () denotes the Delta func-
tion. When K is sufficiently large, optimizing the coefficients

(v ) + 8(x — 1)), (20)

vy can approximate the unknown PDF fgpt (x) of the optimal

added noise.

Figure 2 presents a comparison of the convergence curves
of the MSE for the sequential noise-boosted M-estimation al-

gorithm with the RLS algorithm,!”)
[12,48]

the traditional sequential
M-estimation algorithm, and the recursive constrained
generalized maximum correntropy (RCGMC) algorithm. 2!
The intensity oy of the background Cauchy noise is set to
unity. In the traditional sequential M-estimation algorithm, the
threshold parameter of the redescending bisquare score func-
tion in Eq. (16) is fixed as Y = 2. In RCGMC, we consider a
single constraint, and set the correntropy kernel parameter to
1.5 and the regularization parameter to 2. To evaluate the per-
formance of the sequential noise-boosted M-estimation algo-
rithm in the presence of added Gaussian noise 1), we consider
= [Z,Z}T
fixed, and the parameter vector is determined as [o,"", Y**]
[2.6762,8.76]
rithm 1. Furthermore, the approximate optimal noise PDF
fi Opt( ) defined in Eq. (20) with K = 3 Delta kernel functions
can be obtained with parameters v = 0.3512, v, = 0.1723,
v3 = 0.4765, w; = 1.1609, up = 3.0505, usz = 0.6393, and
Y = 6.9282 via Bayesian optimization.

two distinct cases: the parameter vector [0y, 7] "

via Bayesian optimization described in Algo-

103

-@-RLS
+FTraditional sequential M-estimation
RCGMC

102

1 —A-Sequential noise-boosted M-estimation with o, =2
10 -©-Sequential noise-boosted M-estimation with +°P* and o3P}
X ~#-Sequential noise-boosted M-estimation with f*(z)
s-g 5~ MLE

10(] \ = B e eSeesemseasg g oo o o

MSE

107!

1072

Fig. 2. Convergence curves of the MSE for the RLS algorithm, the tra-
ditional sequential M-estimation algorithm, the RCGMC algorithm, and
the sequential noise-boosted M-estimation algorithm. For the sequential
noise-boosted M-estimation algorithm, three cases are considered: a fixed
threshold y = 2 with Gaussian noise intensity oy = 2; the approximate
optimal noise PDF f*'(x) defined in Eq. (20); and the optimized pa-
rameters y°P' = 8.76 and Gﬁpt =2.6762. The approximate optimal noise

PDF f,‘,)pl () with K = 3 Delta kernel functions is determined by parame-
ters vi = 0.3512, v, = 0.1723, v3 = 0.4765, p; = 1.1609, up = 3.0505,
3 =0.6393, and y = 6.9282 via Bayesian optimization.

It is seen in Fig. 2 that the proposed sequential noise-
boosted M-estimation algorithm, either enhanced by the added
Gaussian noise or by the approximate optimal noise de-
fined in Eq. (20), can significantly outperform the RLS algo-
rithm, the traditional sequential M-estimation algorithm, and
the RCGMC algorithm. The MSE of the proposed sequen-
tial noise-boosted M-estimation algorithm with the optimal

threshold parameter y°P' = 8.76 and Gaussian noise intensity
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Gf,pt = 2.6762 decreases to MSE[n] = 0.0039 at n = 500. Sim-
ilarly, the MSE of the proposed sequential noise-boosted M-
estimation algorithm optimized by the approximate optimal
noise decreases to 0.0035. Both of these MSE values are com-
parable to the MSE[n] = 0.0022 obtained by the MLE.

3.2. Noise-boosted M-estimation and stochastic resonance

As demonstrated in Subsection 3.1, the injection of noise
can effectively reduce the MSE of the sequential M-estimation
algorithm compared to the RLS algorithm and the tradi-
tional M-estimation algorithm. This enhancement in param-

eter estimation[32-3-54]

can also be interpreted as a stochastic
resonance phenomenon,!'%202%1 which reveals the construc-
tive role of noise in enhancing estimator performance by ad-
justing the intensity of specific types of noise or seeking the

optimal noise.

~
=
=

Iterations to convergence

(a)
1.0 400

0.8
0.6
0.4

MSE

300

250
0.2
200
170

0

01 2 3 4 5 6 7 8 1 2 3 4 5
o o

Fig. 3. (a) The MSE and (b) the number of iterations required for conver-
gence versus the injected noise intensity oy. The threshold parameter of
the bisquare function in Eq. (16) is set to ¥ = 2, and the background noise
@, follows a standard Cauchy distribution with intensity 6, = 1.

For instance, Fig. 3(a) illustrates the relationship be-
tween the MSE of the proposed sequential noise-boosted M-
estimation algorithm and the Gaussian noise intensity oy. It
is observed that, with the threshold parameter 7y fixed at 2, the
MSE initially takes the value 0.8775 at oy = 0, decreases to a
minimum of 0.03 at the optimal noise intensity 6, = 2, and
then increases for o > 2. This phenomenon indicates the
existence of a nonzero optimal noise intensity that minimizes
the MSE of the proposed sequential noise-boosted algorithm,
which can be interpreted within the framework of stochastic
resonance.

Furthermore, we numerically demonstrate that noise in-
jection can improve the convergence speed of the sequential
M-estimation algorithm. The convergence speed®*¥ is eval-
uated as the minimum number of iterations required for the
MSE to fall below a predefined threshold over multiple Monte
Carlo runs. Fewer iterations to convergence indicate faster re-
duction of the MSE. In our simulations, the threshold is set to
1072, For the sequential Gaussian noise-boosted M-estimation
algorithm, the average number of iterations to convergence ex-
hibits a non-monotonic dependence on the injected noise in-
tensity oy, as depicted in Fig. 3(b). The number of iterations
decreases as the noise intensity increases, reaching a minimum

value of 185 at an optimal nonzero intensity oy = 2.3522.

Three types of sequential noise-boosted algorithms are com-
pared. For the Gaussian noise-boosted algorithm with fixed
parameters [0y,7]" = [2,2]", the average number of itera-
tions to convergence is 185. When the noise intensity o, and
threshold parameter 7y are simultaneously optimized, the aver-
age number of iterations decreases to 91. Furthermore, using
the approximate optimal noise with PDF defined in Eq. (20),
the average number of iterations is further reduced to 57.
These results highlight the importance of identifying the op-
timal noise PDF to accelerate convergence.

To illustrate the stochastic resonance phenomenon in M-
estimation more intuitively, Fig. 4 depicts the adaptive opti-
mization trajectory of the threshold parameter y and noise in-
tensity oy obtained via Bayesian optimization over the search
space oy € [0,5] and y € [0,10]. As shown, the MSE is rela-
tively high when the added noise intensity is near zero. How-
ever, as the noise intensity increases and the threshold parame-
ter adapts, the optimal MSE of 0.0039 is achieved at the corre-
sponding optimal values ;™ = 2.6762 and y°P* = 8.76. This
result demonstrates an adaptive stochastic resonance mecha-
nism.

-+ Optimization
path

Converged
point

—4.5
—4.0
—3.5
=30
2.5 %8
2.0 =
1.5
1.0
0.5

NSOW s ot Y N 0 ©

Fig. 4. Adaptive optimization trajectory of the MSE for the noise-boosted
M-estimation algorithm as a function of the Gaussian added noise inten-
sity oy and the threshold parameter y. The optimization is performed
over 10 Bayesian optimization trials, and the yellow star indicates the
final converged optimal coordinate (G;;m, YY) = (2.6762,8.76).
Furthermore, to explore the optimal noise PDF approxi-
mated by Eq. (20), Bayesian optimization is employed to de-

termine the optimal parameter vector

¢= [V17V27V3,#17H2,#37Y]T

for K = 3 Delta kernel functions. In this setting, the minimum
MSE is achieved as 0.0037 after 10 Bayesian optimization tri-
als, with the optimal parameter vector

¢OP'=[0.3512,0.1723,0.4765, 1.1609, 3.0505,0.6393,6.9282] ",

as shown in Fig. 2. The corresponding PDF of the optimal
noise is illustrated in Fig. 5. The existence of a non-zero
optimal noise further demonstrates that noise injection can
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enhance the performance of M-estimators, which can be in-

terpreted as a manifestation of the stochastic resonance phe-

nomenon.
0.7

0.6

0.5

0.4

Fort(x)

0.3

0.2

0.1

Fig. 5. Approximation of the optimal noise PDF us-
ing Eq. (20) with K = 3 Delta kernel functions.
The parameters are  given by  [vi,vo,v3, 1y, o, 3] =

[0.3512,0.1723,0.4765,1.1609,3.0505,0.6393] .

3.3. Comparison of the sequential noise-boosted M-
estimation algorithm and MLE
To further evaluate the robustness of the proposed noise-
boosted M-estimation under varying background noise inten-
sities, we define the input signal-to-noise ratio (SNR) as
92 92
SNR;, = 10log, (1:2) , Q1)

2
)

0.4 —#-Traditional sequential M-estimation
. —#—Sequential noise-boosted M-estimation
(Gaussian noise)
—&-Sequential noise-boosted M-estimation
approximate optimal noise
0.3 ( )
-~ MLE
2}
E 0.2
0.1
0
-6 -4 -2 0 2 4 6 8 10

SNR;,

where 0; and 6, denote the deterministic signal components,
and o, is the intensity of the background noise.

For Cauchy background noise, Fig. 6(a) shows the result-
ing MSE as a function of increasing SNR;,. We also consider
a symmetric o-stable (SaS) noise model,>>-° whose charac-
teristic function is given by

Yy (1) = exp(—0p|ul®), (22)
where 0 < o < 2 is the characteristic exponent controlling the
tail thickness, and Oy, is the noise intensity. When o = 2, the
SaS noise reduces to Gaussian noise; for o < 2, the distri-
bution exhibits heavy tails, with &¢ = 1 corresponding to the
Cauchy distribution. In this experiment, we set o = 1.2, and
the resulting MSE curves are presented in Fig. 6(b) as a func-
tion of SNRj,.

From Figs. 6(a) and 6(b), it can be observed that the se-
quential noise-boosted M-estimation algorithm, enhanced by
both Gaussian and approximate optimal noise from Eq. (20),
outperforms the traditional sequential M-estimation algorithm.
In particular, at low input SNR (SNR;;, < 0), the noise-boosted
sequential M-estimation with approximate optimal noise ap-
proaches the performance of the MLE. As SNR;, increases,
the influence of the added optimal noise gradually diminishes,
reflecting the reduced intensity of the background noise Gy,.

0.6 —a-Traditional sequential M-estimation
: —+—Sequential noise-boosted M-estimation
(Gaussian noise)
0.5 -o-Sequential noise-boosted M-estimation
(approximate optimal noise)
0.4 - MLE
[€a)
%J 0.3
0.2
0.1
0 -
-6 —4 —2 0 2 4 6 8 10

SNR;,

Fig. 6. Performance comparison of the sequential noise-boosted M-estimation algorithm with optimal added Gaussian noise (*) and optimal
added noise distribution in Eq. (20) with K = 4 (o), traditional sequential M-estimation algorithm (A), and MLE (dashed line) under (a) Cauchy
background noise and (b) SaS noise with & = 1.2. Other parameters are the same as in Fig. 4.

4. Conclusion

In this paper, we proposed a sequential noise-boosted M-
estimation algorithm to enhance parameter estimation perfor-
mance in impulsive noise environments. The injection of noise
into the observations induces a noise-boosted score function,
defined as the convolution of the conventional score func-
tion with the probability density function (PDF) of the added
noise. For added scale-family noise, we derived a criterion
theorem to determine whether noise injection is beneficial at
sufficiently small noise intensities. Furthermore, we presented

a theoretical proof of the asymptotic convergence of the se-

quential noise-boosted M-estimation algorithm under the as-
sumption of a symmetric PDF for the added noise.
Experimental results demonstrate that the proposed se-
quential noise-boosted M-estimation algorithm achieves a
mean squared error (MSE) close to that of the maximum like-
lihood estimator (MLE) when an appropriate amount of noise
is added. Its performance surpasses that of the traditional se-
quential M-estimation and recursive least squares (RLS) al-
gorithms, thereby illustrating the beneficial role of noise in
sequential M-estimation. The proposed algorithm is of signif-

icant importance for dynamic system state estimation, system
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identification, and signal feature extraction in impulsive noise
environments, where it achieves enhanced robustness and ac-
curacy. Future research may focus on developing adaptive
robust estimators that dynamically adjust noise injection pa-
rameters in time-varying impulsive noise conditions to further
improve estimation accuracy.

However, several open problems remain. First, when em-
ploying Bayesian optimization to search for the optimal noise
intensity or noise PDF, the convergence speed of the MSE re-
quires further improvement, and the computational complex-
ity of the optimization process needs to be reduced. Second, in
the current approach, the noise intensity at each step is updated
using the Bayesian optimization model, rather than being iter-
atively calculated using information from previous steps as in
Egs. (10)—(12). Exploring single-step iterative noise intensity
injection using a stochastic gradient descent method to approx-
imate the MSE gradient represents an interesting direction for

future research.

Appendix A: Criterion theorem for determining
the beneficial impact of the added scale-family
noise

If Eo[§(@/00)]
the proposed noise-boosted M-estimation method is consistent

= 0 holds and for a large sample size N,

with respect to the true parameter value, then the covariance

matrix of the estimation error 6 — 0 is given by![331]

Eo[¥?(0,01)] (wH)

Cov(d—6) = o, E2 [1/7/(60» on)]

(AD)

Given the intensity o, of the background noise and the
fixed system matrix H, the covariance matrix in Eq. (A1) is
only influenced by the factor

Ea) [1[72((0, 677 )]

E2

YT By (o0

(A2)
Assume that the order of integration and differentiation

=En[y'(0+1n)]. To
study how noise intensity affects the covariance of the estima-

can be interchanged, we have /' (o, o)

tion error, we calculate the partial derivative of v with respect

to oy as

v 9 Eo[P(0,0)]

doy  doy E3[(w,0p)]
£o[ 0.0y 221
20 —
Eo [V (0,0p)]
=)

Eo |V (0,0p)]

(A3)

Since v > 0, the derivative in Eq. (A3) becomes negative
when

81;7(60,6,1)
) d0,
n

}Ew [WZ(O‘)7 Gﬂ)] < Oa

Ea | (0,0 | EolW (@,09)]

{81;/ ®,0n)

7o, (A4)

which indicates that when the added noise intensity oy in-
creases, the covariance matrix of the estimation error in

Eq. (A1) decreases.
Since the PDF of the scale-family noise satisfies

fn(x:0q) = fag(x/0n) /0. with f, (x) = exp(—2?/2)/V/2m,
we have Ep[y(®+1)] = Ey,[y(®+ 1n9oy)]. For a small

noise intensity 0 < oy < 1, performing a first-order Taylor
expansion of y(w+100y) and ¥’ (@ + 1yoy) with respect to
Oy, we find
V(w,0n) = Eqly(@+1)]
= Eny[y(@+mn00y)]

~ y(0), (AS)

&li/(a),an) ~ !
T ooy, v'(w)oy, (A6)
V' (w,0p) = ¥ (), (A7)
(91[/ (a),O’n) ~ V’/H((D)Gn- (A8)

doy

Substituting Egs. (A5)-(A8) into Eq. (A4), the condition

for the reduction of the covariance at a small noise intensity
op — 0is

0) W' (0)] Eo[y'(0)] — Eo[y"(0)] Ea[¥*(0)] < 0.
(A9)

When the condition of Eq. (A9) is satisfied, the covari-
ance of the estimation error decreases as the added noise rises
above zero, revealing the noise-boosted effect in parameter es-
timation. If the second or third derivative of v in Eq. (A9)
does not exist, one can alternatively reduce the order of differ-
entiation applied to ¥ and evaluate the derivatives of f, using
integration by parts. For instance

—— [ v(@dfolo),

under the assumption that fg(+ee) = 0.

v
Eg

Appendix B: Convergence analysis of the sequen-
tial noise-boosted M-estimation

Rewrite the iterative formula of Eq. (8) for parameter es-
timation as
A X[n—1]h,
1+ Ah) Zn— 1]k, "
YC&) 20n — 1]h,,

—&,

1+ YCR BT 5[0 —1]h,,

A

Oln] = Oln—1]+

= é[n—l]-i—

(—&n)
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R A X[n—1]h,
=0n-1]— g Bl
= = R S 1, B
where e, = —¢,. Since Y(x) is an odd function and A, =

W(e,)/en = W(€,)/ €. Subtracting the true value 6 from both
sides of Eq. (B1) and let 6[n] = §[n] — 6, we obtain

Sln—1haW(e,)

Oln) = Ol = = AT S - 1y

(B2)

Letd[n] = 1+ A,h,) X[n— 1]h, and note that d[n] > 0, and de-
fine {1 (&,) = ¥(&,)/d[n].*¥] From Eq. (B2), the expectation
of the sum of variances at the current time 7 is

E [éT[n}é[n]} —E [éT n—1)8[n — 1]] +0ln] —2¢[n], (B3)

where
_[h, X n—1]h, 0 (e,)
Q= | B ]
—E[n] - E[RE)], B4
gl = E{E[1(e)] b Zln—16ln—1]}.  (B9)
From Eq. (B3), we obtain
E [éT[n}é[n]} —E [ém]ém] + Z Olk] -2 Z qlk] >0,
k=2 k=2
(B6)
from which it follows that
Y. qlk] < S E[0Tmen] + Y 0l (B7)
k=2 k=2

Let YV, |hu|* /N < o0,148] and h,, is statistically independent
of the prediction error ®,. We can obtain lim, . ||h2|| < c.
Thus, we have

T
’}grgohn+12[n]hn+1 < oo,

(B8)

Then assume that y(x) is bounded, i.e., |y(x)| < C, where C is
a constant. Since 0 < d[n] = 1+ A,h, X[n—1]h, < o, ¥ (&,)
is then bounded.

Finally, let r(n) = h, X?[n— 1]h,, and we can obtain
Yo r(n) =Y h,) X%[n—1]h, < e under the condition of
SUP,,c (0,0 {€n/ Wen]} < 00.1*¥1 To summarize the above, we can
conclude that Y}, Q[k] converges, and hence Y}_, g[k] also
converges. Therefore, E [0 [n]@[n]] satisfies

lim E [éT )6 [n]] -

tim 3 £[07[10611)] + Y, 0 -2 gl p =5, (B9)
k=2 k=2

for a constant b > 0.

Lets, = h, X[n—1]8[n—1] and b, = E (67 [1)0[n]], 148!
there exists a sequence {k,} that satisfies

Sn > knbn, Y E[W1(€:)] ky = oo. (B10)
n=1
From the first condition of Egs. (B10) and (B6), we can obtain

E [W1(€n)] knbn < i E [y (&n)]sn < ee.
1 n=1

ngk

(B11)

n
From the second condition of Egs. (B10) and (B11), it follows
that for any € > 0, there must exist infinitely many values of n
such that b, < €. Since lim,_,. b, = b, we have b = 0. Thus,

we proved that

lim [n] = 0.

n—oo

(B12)
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